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Abstract. Hopf algebra structures on the extendgduperplane and its differential algebra
are defined. An algebra of forms which are obtained from the generators of the extended
g-superplane is introduced and its Hopf algebra structure is given.

1. Introduction

Differential geometry of Lie groups plays an important role in the mathematical modelling of
physics theories. A class of noncommutative Hopf algebra has been found in the discussions
of integrable systems. These Hopf algebras@eformed function algebras of classical
groups and this structure is called a quantum group [1]. The quantum group can also
be regarded as a generalization of the notion of a group [2]. Thus it is also attractive to
generalize the corresponding notions of differential geometry. Mathematical aspects of such
a generalization are promising. More recently it has been suggested that the zero branes in
matrix theory [3] should be identified with supercoordinates in noncommutative geometry
[4].

Noncommutative geometry [4] has started to play an important role in different fields
of mathematical physics over the last few years. The basic structure giving a direction
to the noncommutative geometry is a differential calculus on an associative algebra. The
noncommutative differential geometry of quantum groups was introduced by Woronowicz
in [5]. In this approach the quantum group is taken as the basic honcommutative space
and the differential calculus on the group is deduced from the properties of the group.
The other approach, initiated by Wess and Zumino [6], succeeded Manin’'s emphasis [7]
on the quantum spaces as the primary objects, differential forms are defined in terms
of noncommuting (quantum) coordinates, and the differential and algebraic properties of
guantum groups acting on these spaces are obtained from the properties of the spaces. The
natural extension of their scheme to superspace [8] was introduced by Soni in [9].

The guantum superplane is the simplest example of a noncommutative superspace. We
have investigated the noncommutative geometry of the quantum superplane. In section 2
we introduce two noncommutative differential calculi on thsuperplane. One of them is
quite different from the calculus described in [9], whéré, (1]1) covariance was assumed.

The graded Hopf algebra structures of the extengadperplane and these supercalculi are
given in section 3. In the following section we introduce two forms from the differential
algebra and also give the graded Hopf algebra structure of the obtained algebra of forms.
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2. Differential calculi on the g-superplane

Let us begin with the Manin superplane. The quantum superplane is defined as an associative
algebra whose even coordinateand the odd (Grassmann) coordinéteatisfy

x0 —qg6x =0 02=0 (1)

whereq is a nonzero complex parameter. The algebrg-pblynomials will be called the
algebra of functions on the quantum two-dimensional supervector space (superplane) and
will be denoted byA.

In order to establish a noncommutative differential calculus on the quantum superplane,
we assume that the commutation relations between the coordinates and their differentials
are in the following form:

xdx = Adx x
xdf = Fi1d9 x + Fpo0x 0
0 dx = Fo1dx 0 + F»d0 x
0do = Bdh 6.

&)

The coefficientsd, B and F;; will be determined in terms of the complex deformation
parameter. To find them we shall use the consistency of calculus. We first note that the
properties of the exterior differential. The exterior differential d is an operator which gives
the mapping from the generators dfto the differentials

d:u — du u € {x,0}. 3)
We demand that the exterior differential d has to satisfy two properties: nilpotency

=0 (4)
and the graded Leibniz rule

d(fe) = (df)g + (-1 f(dg) (5)

where f = 0 for even variables and = 1 for odd variables. From the consistency
conditions

d(x6 — gbx) =0 d®? =0
we find

FiutqFn=gq Fio+qfn=-1 B =1 (6a)
Similarly, from

(x0 —gbx)dx =0 (x0 —gbx)dd =0
one has

Fi2F2 =0 (Fiu—qA)F2=0. (6b)

The system (6) has, at least, two solutions and we shall discuss them below.
We now define the commutation relations between variables and their differentials in
the following form

7idz) = (—1)UD ¢l dzk 7! @)
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whereC € EndC ® C). Comparing (7) with (2) we obtain the general maltfix

A 0 0 0

0 —F —F»n O

0 Fo Fui 0] ®)
0 0 0 1

In the language of matrix’, associativity and consistency with the properties of d requires
that C fulfil the following conditions:

C12C13C23 = C23C13C12 C12C23C12 = C23C12Ca3 )]

whereC1, = CQ®1, etcC = PC andP is the superpermutation matrix. The general matrix
C may have, at least, one of two distinct forms:

C =

p 0 0 0
~ |0 O Pq 0 _
C = 0 q‘l p—1 0 Fi,=0 (108)
0 0 0
and
s 0 0 0
~ |0 r qg O _

0 0 0 1
wherep, r, s € C are free parameters. Similar matrices are found in [10] to obtain differential
calculi on the quantum plane.

The matrixC; satisfies all required conditions. If we set gr then the matrixC;; also
obeys all required conditions [11]. Each of these matrices leads to a family of differential
calculi on theg-superplane.

So we have the following commutation relations. Egr

xdx = pdx x xdo = pqdo x

4 (11a)
fdx = —gtdx 6 + (1 — p)do x 0 do = do 6.

For é”

x dx = sdx x xdf =qddx + (gr —dx 6
Odx = —rdx 6 6do =doo.

In the case of family I, it is easy to check that the differential structure is invariant under
action of quantum supergrou@L, (1/1) (see, e.g. [12]) if we take = g~2. Similarly one
can see, in the case of family 2, that the differential structure is invariant under action of
GL,,(1]1) (see, e.g. [13]) if we set = gr.

Applying the exterior differential d to the first and second (or third) relations of (11)
we obtain

(11b)

(dx)>=0 dx do = pgdh dx (12a)
for family | and
(dx)2=0 dx do = r~dodx (12b)

for family II.

A differential algebra on an associative algelitas a zo-graded associative algebra
equipped with an operator d that has the properties (3)-(5). Furthermore, the dige#sa
to be generated by° U I't U I'?, whereT'° is isomorphic toB. For B we write A. Let
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us denote the algebra (as a matter of fact the module) generated apddd with the
relations (11) byl't, whereTI'? is isomorphic to i, and the algebra (12) by?. Let I’
be the quotient algebra of the free associative algebra on the ,s&tdx, d9} modulo the
ideal J that is generated by the relations (1), (11) and (12).

In section 3 we shall show that the algebda(g-superplane), the algebia’ and also
I'? are all the graded Hopf algebras and so is the algEbra

3. Hopf algebra structures

A Hopf algebra structure on the quantum plane was introduced in [14]. In this section we
introduce a graded Hopf algebra structure on the algeb(ae. on theg-superplane) and
give the natural extension dn.

3.1. A Hopf algebra structure oA

We know, from section 1, that the quantum superplafigis an associative algebra over
a field k generated by two elements 6 obeying the relations (1). We can now define a
coproduct and a counit on the algebaas follows.

The coproductA : A — A ® A is defined by

Ax)=xQ®x
AO)=0@x+xQ0 (13)
A =11
The counite : A — C is given by
ex)=1 €®) =0. (14)

The algebrad with the coproduct and the counit has a structure of bi-algebra. One
extends the algebrd by including inverse ofc which obeys
xxt=1=x"1x.

If we extend the algebral by adding the inverse of then the algebrad admits a coinverse
(antipode)S : A — A defined by

S(x)=x"1 SO) = —xtox 1. (15)
The coinverse has the properties of an inverse and we ffavel. Indeed,

S7(x) = S(x) $710) = S(0).
Note that

A(x’l) =xtext
It is not difficult to verify the following properties of costructures:

(A®id)o A= (d®A)o A (16)
po(e®idyoA=pu o(ld®e)oA a7)
mo(Sid)oA=e=mo(iId® S)o A (18)

where id denotes the identity mapping,
wCA— A wWiARC— A
are the canonical isomorphisms, defined by
wk@u) =ku=p'(u®k) Yue A Vk e C
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andm is the multiplication map

m:AQA— A m(u ® v) = uv. (19)
The multiplication in.A @ A follows the rule

(A® B)(C ® D) = (-1)5¢AC @ BD. (20)

The coproduct, counit and coinverse which are specified above supply the algebra
with a graded Hopf algebra structure.

3.2. A Hopf algebra structure on

We first note that consistency of a differential calculus with commutation relations (1)
means that the algebia is a graded associative algebra generated by the elements of the
set{x, 0, dx, do}.

Since the algebrd® is generated by the generators $eto, dx, dd} we must only
describe the actions of comaps on the subdetdd}. To denote the coproduct, counit and
coinverse which will be defined on the algelitawith those of.4 may be inadvisable. For
t[]is reason, we shall denote them with a different notation. To this end we consider a map
Ag : T — I' ® A such that

Agod=(d®id)o A. (21)
Thus we have

Ag(dy) = dx ® x

Ar(d9) =dd ® x + dr ® 6.
We now define a mapy as follows:

dr(urdvy + dvauz) = A1) Ag(dvr) + Ag(dup) Au). (23)
Then it can be checked that the map leaves invariant the relations (11) and (12). One
can also check that the following identities are satisfied:

(Pr ®id) o pr = (Id ® A) o ¢r (id®e€) opr =id. (24)

But we do not have a coproduct for the differential algebra because theApagoes
not gives an analogue for the derivation property (5), yet. So we consider another map
AT — AQ®T such that

Arod=(t®id)o A (25)

(22)

and a mapp, with again (23) by replacing. with R. Heret : I' — T' is the linear map
of degree zero which gives(a) = (—1)%a. The mapg, also leaves invariant the relations
(11) and (12), and the following identities are satisfied:

Let us define the map as
A=¢r+éL (27)

which will allpw us to define the coproduct of the differential algebra. We denote the
restriction of A to the algebrad by A and the extension oh to the differential algebra
by A:

Ala=A Alr = A. (28)
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It is possiblg to interpret the first relation in (28) as the definitionAofind (27) as the
definition of A on differentials.
One can see thak is a linear map and a homomorphism. In fact, for example,

Ax dx) = (pg + ¢r)(x dx) = A(x)(Ag + Ap)(dx)
and with (28)
A)A(dx) = AW[AD) (Ag + Ap)(dx)].

Using the coassociativity of, equation (16), we can also show the coassociativitj of
So the mapA is a coproduct for the differential algebra
Similarly, if we define a counié for the differential algebra as

éod=doe=0 (29)
and

Ela=c¢€ €lr =¢€ (30)
one has

é(dx) =0 €(do) =0 (31)
where

€(u1dvy + dvaup) = €(u1)é(dvy) + €(dv2)e(uz). (32)

Here we used the fact that = 0. . A
The next step is to obtain a coinverSe For this, it suffices to defind such that

Sod=dos$ (33)
and

Sla=S Slr= 8§ (34)
where

S(u1dvy 4 dvauz) = S(dv1)S(us) + S(uz)S(dvy). (35)

So the action oS on the generatorsxdand @ is as follows:
S@dx) = —x tdxxt
N (36)
Sdo) = —xtdoxt+ 2 tdrxtoxL.

Note that it is easy to check thatand S leave invariant the relations (11) and (12).
Consequently, we can say that the struct{ifeA, €, S) is a graded Hopf algebra.

4. Hopf algebra structure of forms on . A

In this section we shall define two forms using the generatog$ ahd show that the algebra
of forms is a graded Hopf algebra.
If we call themw andu then one can define them as follows:

w=dxx? u=doxt—dextoxt. (37)

We denote the algebra of forms generated by two elemerdadu by 2. The generators
of the algebra® with the generators afl satisfy the following rules:
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0
XW = pwx w = —wb + (1 — p)ux (38)
Xu = pqux Ou = pqub.
(I
XW = swx w = —qrwb
(380)
xu = qux + q(qr — s)wo Ou = qub.
The commutation rules of the generatorstofare
0)
w? =0 wu = uw. (39%)
(I
w? =0 wu = grs tuw. (3%)

We make the algebr& into a graded Hopf algebra with the following costructures: the
coproductA : @ — Q ® Q is defined by

Aw=w®l+lew A)=u®l+1Qu. (40)
The counite : Q — C is given by

e(w)=0 e(u)=0 (42)
and the coinverses2 —> Q is defined by

S(w) = —w S(u) = —u. (42)

One can easily check that (16)—(18) are satisfied. Note that the commutation relations (38)
and (39) are compatible with, € and S, in the sense thaA (xw) = pA(wx), A(w?) =0
and so on.

Acknowledgments

This work was supported in part by TBTAK the Turkish Scientific and Technical Research
Council. | would like to express my deep gratitude to the referees for critical comments
and suggestions on the manuscript.

References

[1] Drinfeld V G 1986 Quantum groupBroc. Int. Congr. Math(Berkeley, CAp 798
[2] Reshetikhin N Y, TakhtajaL A and Faddee L D 1990 Leningr. Math. J.1 193
[3] Banks T 1997 Matrix theoryreprint RU-97-76
Bigatti D and Susskind L 1997 Review of matrix thed®yeprint SU-ITP-97-51
[4] Connes A 199INoncommutative Geomet(ilew York: Academic)
[5] Woronowiz S L 1987Publ. RIMS Kyoto Univ23 117
[6] Wess J and Zumino B 1998ucl. Phys.B Proc. Suppl.18 302
[7] Manin Yu | 1988 Preprint Montreal University
[8] Manin Yu | 1989 Commun. Math. Phys.23163
[9] Soni S 1990J. Phys. A: Math. Gerz4 619
[10] Brzezinski T, Dabrowski H and Rembielinski J 1992Math. Phys33 19
[11] Churg W S 1994J. Math. Phys35 2484
[12] Corrigan E, Fairlie D, Fletcher P and Sasaki R 199®ath. Phys31 776
[13] Dabrowski L and Wang L 199Phys. LettB 256 51
[14] Brzezinski T 1993 ett. Math. Phys27 287



